May 29, 2008 12:53 WSPC/INSTRUCTION FILE Final 



Do subleading corrections to Bekenstein-Hawking entropy hold the key 

to quantum gravity? 



S. Shankaranarayanan 
Institute of Cosmology and Gravitation, University of Portsmouth, 
Mercantile House, Portsmouth POl 2EG, U.K. * 



Black-holes are considered to be theoretical laboratories for testing models of quantum 
gravity. It is usually believed that any candidate for quantum gravity must explain the 
microscopic origin of the Bekenstein-Hawking (5gjj) entropy. In this letter, we argue 
(i) the requirement for a candidate approach to go beyond Sg^ and provide generic 
subleading corrections, and (ii) the importance to disentangle and identify the degrees 
of freedom leading to S-^-^ and its subleading corrections. Using the approach of entan- 
glement of modes across the horizon, we show that the microscopic degrees of freedom 
that lead to Sgg and subleading corrections are different. Wc further show, using micro- 
canonical and canonical ensemble approaches, that the quantum entanglement predicts 
generic power-law corrections to Sgjj and that the corrections can be identified with the 
kinematical properties of the event-horizon. 
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In any physical theory, entropy takes an unique position among other physical 
quantities. This is due to the fact that the entropy relates the macroscopic and 
microscopic structure of a system through the Boltzmann relation S = fc^ Infi 
(where is the total number of accessible states) ^. The entropy of black- hole is 
unique and distinct from that of other physical systems and, hence, is not a surprise 
that entropy has taken a pivotal role in understanding black-hole properties: 

(i) Black-hole entropy is not extensive unlike, for instance, the entropy of an ideal 
gas. Its leading order — Bekenstein-Hawking entropy S^^ — is proportional to the 
area of the event horizon (.4h) of the black- hole ^'■^ i. e. 

S'gjj = (^^) where = \ ^^"^ Planck length. (1) 

Unlike ideal gas, the finiteness of the black- hole entropy requires that the matter 
and(or) gravity have quantum description which is evident from Eq. (1). 

(ii) It is still unclear, what are the microscopic degrees of freedom (DOE) leading to 
black-hole entropy? Currently, there are several approaches starting from counting 
states (by assuming fundamental structures) "'■^'^ to Noether charge 7,8,9,10,11 _ 
though, none of these approaches can be considered to be complete; all of them — 
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within their domains of applicability by counting certain microscopic states yield 
(1). This is in complete contrast to other physical systems, such as ideal gas, where 
quantum DOF are uniquely identified and lead to the classical thermodynamic en- 
tropy. This is one of the few areas of physics where the semi-classical result dictates 
and, help to, identify the quantum theory. 

The above discussion raises an important question: Is it sufficient for an ap- 
proach to reproduce (1) or need to go beyond the Bekenstein- Hawking entropy? As 
we know, S'^^ is a semi-classical result and there are strong indications that Eq. 
(1) is valid for large black holes [i.e. ^ ^pi]- However, it is not clear, whether 
this relation will continue to hold for the Planck-size black-holes. Besides, there 
is no reason to expect that S^^ to be the whole answer for a correct theory of 
quantum gravity. In order to have a better understanding of black-hole entropy, 
it is imperative for any approach to go beyond S^^ and identify the subleading 
corrections. 

This raises a related question: Are the quantum, DOF that contribute to S^^ and 
its subleading corrections, identical or different? In general, the quantum DOF can 
be different. However, several approaches in the literature 12,13,14,15 ^j^g^^ ^g^^j 
subleading corrections either assume that the quantum DOF are identical or do not 
disentangle DOF contribution to S'^j^ and the subleading corrections. 

In this letter, we show that the quantum DOF that contribute to the Bekenstein- 
Hawking entropy and its subleading corrections are different. Using the approach 
of entanglement, we show that it is possible to disentangle DOF contributions. To 
isolate different contributions and elucidate their role in black-hole entropy, we 
obtain entanglement entropy (S'^^J in two different statistical — microcanonical 
and canonical — ensembles. Using the Schrodinger representation of the quantum 
fields, we show that entanglement predicts generic power-law corrections to Sj^^. 

So, what is entanglement (entropy) and how can it possibly be the source of 
black- hole entropy? Given a joint quantum system {AB}, entanglement refers to the 
quantum correlation between the sub-systems A and B. Entanglement is quantified 
by the entropy, S^^^ , of the reduced density matrix pa of either of the subsystems 
defined as 

^ent = -Tr[paln(pa)] ae{A,B}. (2) 

The relation between and black-hole entropy can be understood from the fact 
that both are (i) quantum effects with no classical analogues and (ii) associated 
with the existence of horizon 

Let us now go to the details and see how using entanglement we can identify 
DOF contributing to ^^j, and the power-law corrections. We consider a massless 
scalar field (1^) propagating in an asymptotically flat, four- dimensional black-hole 
background given by the Lemaitre line-element'*: 

ds'^ = -dr^ + [1- f{r)]dS,'^ + r^ [d0^ + sin^ 6 dcp^] , (3) 
''The motivation for the choice of scalar fields is given in Ref. 1®. 
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where r is the radial coordinate in the Schwarzschild coordinate system and is 
related to (^,t) by the relation ^ — r = / dr/y/l — /(r). The Hamiltonian of the 
scalar field propagating in the above line-element is 



1 r 



^ -.ul + ^=i= {d^^,j' + i{i + i)ywW 



(4) 

where ipim is the spherical decomposed field and li-im is the canonical conjugate of 
ifim ■ [For simplicity of the notation, we will suppress the subscripts {Im) .] Although, 
the above Hamiltonian is time-dependent, there are several advantages of Lemaitre 
coordinate over the Schwarzschild coordinate: (i) the former is not singular at the 
horizon (r^) as opposed to the latter, and (ii) ^ (or r) are space(or, time)-like 
everywhere while r is space-like only for r > . 

Having obtained the Hamiltonian, the next step is quantization. We use 
Schrodinger representation since it provides a simple and intuitive description of 
vacuum states for time-dependent Hamiltonian Formally, we take the basis vec- 
tor of the state vector space to be the eigenstate of the field operator (^(r, ^) on a 
fixed T hypcrsurfacc, with eigenvalues (p{S) i. c. (^(t, ^)| (p{S),T) = '~p(£,)\ fiO-''')- 
The quantum states are explicit functions of time and are represented by wave 
functional ^'[<^(^),r] which satisfy the functional Schrodinger equation: 

j d^H{T)n<P{i).r\. (5) 

To proceed with the evaluation of 5*^^^^ : 

(i) We assume that the Hamiltonian evolves adiabatically. Technically, this implies 
that the evolution of the late-time modes leading to Hawking particles are negligible. 
In the microcanonical ensemble [where the total energy is fixed], this assumption 
translates to the weak time-dependence of the functional (5'[(/9(^), t]). In the canon- 
ical ensemble [where the temperature is fixed], this corresponds to black- hole in 
thermal equilibrium and ^'[<^(^),r] is approximated as a WKB functional. 

(ii) We then obtain pa by tracing the region enclosing the horizon [^ (r^ , oo)] 
and use Eq. (2) to determine S^^^^. 

Microcanonical ensemble: The Hamiltonian (4) at a fixed Lemaitre time r = tq = 
reduces to 



dr{^\r)+r^ 



d ( ip{r) 
dr 



1(1 + 1) , 2 



^'(r) } , (6) 



where tt is a canonical transformed variable given by, n = r-i/l - /(r)7r. This is the 
Hamiltonian of a scalar field in flat space-time and is valid for any fixed Lemaitre 
time, (fi are time- independent and ^[(fi] satisfies the time-independent Scrodinger 

is generally divergent in continuum theories. Therefore usually we assume an ultraviolet 
cutoflF £p^ to regulate the quantum field theory. Below we assume that this is just a technical issue 
and that we can always have such a regulajrization see Refs. and references therein. 
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equation (5). For simplicity, let us choose the wave- functional to be superposition 
of the ground '^o[f] and first-excited state \E'i i. e., 



*[(^(r)] = co*oM +ci*i[¥'] , 
where co,ci are constants satisfying |cop + |cip = 1, and 



*ob] = n 



V TT 



1/4 



exp 



167r3 



(7) 



^(fci)M/oM. (8) 



Following the procedure discussed in the previous page, the numerical evaluation of 
the density matrix leads to following best fit for the micro canonical entanglement 
entropy 



ent BH 



1 + ai 



Ah 

P 
PI 



(9) 



where ai oc |ci| and z/ > 0. This is the first result of this letter. It is instructive to 
stress the implications of the result: 

(i) is obtained for a scalar field in a flat space-time. Thus, S^^ and the sub- 
leading corrections can be uniquely identified with the correlation of the quantum 

states. 

(ii) For the pure vacuum wave-functional, ai = and S'^ is identical to Bekenstein- 
Hawking entropy. This clearly shows that the entanglement entropy of ground state 
leads to the area law and the excited states contribute to the power-law corrections. 

(iii) For large black-holes, power-law correction falls off rapidly and we recover 
S^^. However, for the small black-holes, the second term dominates and black-hole 
entropy is no more proportional to area. Physical interpretation of this result is 
immediately apparent. In the large black- hole (or low-energy) limit, it is difficult 
to excite the modes and hence, the ground state modes contribute significantly to 
S^^^ . However, in the small black- hole (or high-energy) limit, larger number of field 
modes can be excited and hence they contribute significantly to S^^^ . 

Having established that the quantum DOF that contribute to S^^ are different 
from the one that contribute to the corrections, our next step is to identify the 
power-law contributions to the kinematical properties of the horizon. For this we 
obtain S^^^ in the canonical ensemble. 

Canonical ensemble: In the adiabatic limit, the ansatz for the wave-functional is 



(10) 



where S is the Hamilton- Jacobi corresponding to (4) and P[(p] is the 1-loop term. 
Using the relation between p and partition function Z, 



^ />ZOO 



(11) 
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and following the procedure discussed earlier, we get 

5L=5BH+^log(^), Where ^ = -1 /"(r„) - 1 ^r, , (12) 

K is surface gravity and f"{r^) is second derivative of metric at the horizon. This 
is the second key result of this letter regarding which we would like to stress a few 
points: 

(i) This is a master equation and gives the entropy corresponding to a general spher- 
ically symmetric black-hole space-time. The sub-leading corrections depend only on 
the kinematical properties of black-hole i. e. surface gravity and second deriviative 

of metric function. [It should be noted that this form is unique for all orders of the 
WKB approximation and does not depend on third and higher order derivatives of 
the metric ^*.] 

(ii) .7-" is a constant — and hence, subleading corrections are purely logarith- 
mic — only, if K cx and fif-^) oc r^^. This uniquely corresponds to 
Schwarzschild space-time. For any other black-hole space-times like, for instance, 
Reissner-Nordstrom, Schwarzschild- (Anti)de Sitter, we have 

7rl/2 / p \-l/2 \ 

= - ^ j log (^-^ j + Higher contributions (13) 

(iii) As in the microcanonical ensemble, (a) in the large black-hole limit the power- 
law corrections fall off rapidly and we recover S^^ (b) in the small black-hole limit, 
the second term dominates and the black-hole entropy is not proportional to area. 

In summary, we have emphasized the importance of the subleading corrections 

to S'gjj and their role in identifying the structure of the quantum theory. Using the 
approach of entanglement, we have shown that the quantum DOF that lead to S-^^ 
need not necessarily contribute significantly to subleading terms. Since entangle- 
ment is a quantum e£Fc;ct and should be present in any quantum theory, the results 
presented here do have implications beyond the semiclassical regime and hence, the 
subleading corrections do seem to hold the key to unlock the mysteries of quantum 
gravity. 

The author wishes to thank Saurya Das, Hubert Lampeitl, Sudipta Sarkar, L. 
Sriramkumar and Sourav Sur for discussions. The work is supported by the Marie 
Curie Incoming International Grant IIF-2006-039205. 
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